Despite other options, we develop duality in terms of representations of finite posets (partially ordered sets) over an arbitrary field k. This choice is motivated by the fact that duality in this context is an easy consequence of vector space duality. Moreover, the quasiisomorphism invariants given in Corollary I arise naturally when the groups are viewed as representations. As an added bonus, this duality is also applicable to classes of finite valuated p-groups. Specifically, given any finite poset S and prime p, there is an embedding from the category of Z/pZ-representations of S to the category of finite valuated /^-groups that preserves isomorphism and indecomposability [AR4] . Implications of this embedding will be examined elsewhere.
Unexplained notation and terminology will be as in [AR1] , [AR2] [ AR4] , and [AVI] .
If k is a field and S is a finite poset, then a k-representation of S is X = (£/, Ui\i 6 S), where U is a finite dimensional Λ>vector space, each £// is a subspace of U, and / < j in S implies that Uf c Uj. Let Rep(A:, S) denote the category of ^-representations of a finite poset S, where a morphism f: (U, l/, |ι e S) -• (I/', C//| ι e 5) is a fc-linear transformation /: U -• U 1 with /(£//) C C// for each /. This category is a pre-abelian category (as defined in [RIW] ) with finite direct sums defined by
Direct sum decompositions into indecomposable representations exist and are unique, up to isomorphism and order, since endomorphism rings of indecomposable representations are local. A sequence in Rep(fc,S), 0 - For a poset S, let 5' op denote S with the reverse ordering.
PROPOSITION 1 [DR] . Suppose that S is a finite poset. There is an exact contravariant duality σ:
Proof. A routine exercise in finite dimensional vector spaces, noting that if f: X -> X f is a morphism of representations, then σ(f) = /*: σ(X f ) -> σ(X) is a morphism of representations and that σ 2 is naturally equivalent to the identity functor. Let G be a Γ-group and 0/IGG. Then type^x) is the type of the pure rank-1 subgroup of G generated by x. Define G{τ) = {XE G|type G (x) > τ}, the τ-socle of G. Let QG = Q® Z G denote the divisible hull of G, regard G as a subgroup of QG, and write Q(j(τ) for the Q-subspace of QG generated by G(τ).
Define JI(Γ) to be the set of join-irreducible elements of a finite lattice T of types. That is, JI(Γ) = {τ 6 T\ if τ = £ join γ for J, γ e T, then r = y or τ = <J}. The poset JI (Γ) op has a greatest element, namely the least element of T. In the correspondence of the following lemma, the simple indecomposables in Rep(<2, JI ( (Γ) op , and U τ = 0 otherwise. This guarantees that a simple indecomposable representation corresponds to a rank-1 group in B T with type equal to the least element of T.
LEMMA 2 (a) [BU2, BU3] . There is a category equivalence F τ :
by F T (G) = (QG, QG(τ)\τ e JI(Γ) op ). (b) FT is an exact functor.
Proof, (a) We observe only that the inverse of F T sends (17, U τ \τ e JI(Γ) op ) to the subgroup of U generated by {G τ \τ e JI(Γ) op }, where G τ is a subgroup of torsion index in U τ that is τ-homogeneous completely decomposable (isomorphic to a direct sum of rank-1 groups with types in τ). The proof is outlined in [BU3] with details in [BU2] .
(b) Note that Bγ is also a pre-abelian category and that a sequence
0->G^H-^K-+0
of Γ-groups is exact in B T if and only if / is monic, (kernel# + image/)/(kernelg Π image/) is finite, and (image g + ^)/(imageg Π K) is finite. In particular, 0 -• QG -» QH -+ QK -• 0 is exact. Recall that, since we are working in a quasi-homomorphism category, equality in Bj is to be interpreted as quasi-equality of groups (G and H are quasi-equal if QG = QH and there is a non-zero integer n with nG c H and nH c G) and purity in Bj as quasi-purity (quasi-equal to a pure subgroup).
Let 0->G^H-^K-+0
be an exact sequence in Bγ. It is sufficient to show that if τ
. If X is a pure rank-1 subgroup of K of type > τ, then g~ι{X) is generated in Bγ by a finite set L of pure rank-1 subgroups of H whose types are in T [BUI] . Thus, type(Λf) is the join of the elements in a set L' of types of groups in L with nonzero image under g in QX.
Also, τ is the join of the elements in {σ meet τ\σ e L 1 }. But τ join irreducible in T implies that σ > τ for some σ E 1/, whence QX is in the image of
At this stage, it is tempting to try to define a duality from Bj -• Bj, for anti-isomorphic lattices T and Γ' by using Lemma 2 and Proposition 1. This would require, however, that JI(Γ') op be lattice isomorphic to JI(Γ), a rare occurrence as JI(Γ') op has a greatest element but JI(Γ) need not. To overcome this difficulty, we need a functor from B T to Rep(Q, S) for some other partially ordered set S. A candidate for S is the opposite of MI(Γ), the set of meet irreducible elements of T.
Note that MI(Γ) op has a least element, the greatest element of T. It remains to show exactness of Ej. Assume that 0 -» G -• 7/ Λ ίΓ -• 0 is exact in i?j, and let X be a pure rank-1 subgroup of # in Bγ of type not less than or equal to y. As noted in the proof of Lemma 2, g~ι(X) is generated in Bj by a finite number of pure rank-1 subgroups of H in Bj such that type(-Y) is the join of the types of those groups having non-zero image under g in QX. Therefore, at least one of these types is not less than or equal to γ. It follows from Lemma 3.a that QX is contained in g(QH [γ] [γ] for γ e MI(Γ), let X be a pure rank-1 subgroup of G in £7 and assume that X n G[y] = 0. Then type(AΓ) < γ, by Lemma 3.a. As // is a pure subgroup in Bj of a finite rank completely decomposable Γ-group, type(X) is the meet of the elements in a subset L of types of rank-1 torsion-free quotients of H in Bγ such that the image of X in each of these quotients is non-zero [AVI] . In view of the distributivity of T, γ is the meet of the elements in {γ join a\a G L} . Since γ is meet irreducible, a < γ for some αGl. Hence, X Π H[γ] = 0, as X is not in the kernel of a homomorphism from H to a rank-1 torsion-free quotient of H with type = a < γ. Consequently, if X is a pure rank-1 subgroup of GnH [γ] 
(b) D(G(τ)) is quasi-isomorphic to D(G)/D(G)[a(τ)] and D(G/G(τ)) is quasi-isomorphic to D(G)[a(τ)
λ for each TGΓ. . In case T is a locally free lattice, as defined in [AVI] , then V and D may be chosen with D representable as Homz(*, X) for X a rank-1 group with type equal to the greatest element in T. This special case of Corollary 5 follows from Warfield duality [WA] .
As noted earlier, given a finite lattice T of types, there is a quotient divisible V anti-isomorphic to T [RI1]. If, for example, T is quotient divisible, then V and a: T -• V may be chosen by α(τ) = τ', where the ^-component of τ' is 0 if and only if the /7-component of τ is oc and the /7-component of τ' is oc if and only if the pcomponent of τ is 0. Thus, D induces a duality, independent of T, on the quasi-homomorphism category of quotient divisible Butler groups. This duality coincides with the duality functor A on quotient divisible Butler groups given in [LAI] and the restriction of the functor F given in [AR5] 
